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Abstract: Addressing uncertainty in the framework of the analytic hierarchy process 

(AHP) and its general form, the analytic network process (ANP), has been a 

dynamic field of research for the last four to five decades. Two directions of 

research emerged in this domain: the simulation approach and the fuzzy set theory 

(FST) approach. In this paper, we propose the integration of these two approaches 

in the context of AHP/ANP to elucidate group decision-making problems. FST is 

used to handle impreciseness of judgments of individual decision-maker while 

simulation is used to capture uncertainty brought about by the variability and 

randomness in aggregating decision-makers’ judgments. These processes are 

applied at the level of the pairwise comparisons matrices in order to maintain the 

integrity of the general methodology of the AHP/ANP. The contribution of this work 

is on developing a methodology that addresses uncertainty both in individual and in 

group decision-making. The general framework and the detailed methodology are 

presented in this work. A simple case is used to show the computations. 
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1 INTRODUCTION 
From its inception in the late 1970s, the analytic 

hierarchy process (AHP) and its general form, the 

analytic network process (ANP) have been very 

influential in the area of multi-criteria decision-

making (MCDM). AHP/ANP is a theory of relative 

measurement proposed by Saaty [1] that 

systematically handles human objective and 

subjective judgment into a series of mathematical 

operations. Its widespread application especially in 

solving industry-related problems has been 

tremendous in the past four to five decades. Herva 

and Roca [2] surveyed literature on MCDM 

applications and found out that AHP/ANP and 

outranking methods are commonly used in industry-

related applications. Its applications include but not 

limited to computing product sustainability index 

[3], computing a time-dependent sustainability 

index [4], developing sustainability index for a 

manufacturing enterprise [5], developing multi-

actor multi-criteria approach in complex 

sustainability project evaluation [6], evaluating 

industrial competitiveness [7], evaluating energy 

sources [8], developing an impact matrix and 

sustainability-cost benefit analysis [9], developing a 

reverse logistics model [10], conducting 
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sustainability assessment [11] especially in product 

and process design [12], etc. 

Traditionally, eliciting judgment in pairwise 

comparisons in the context of the AHP was done 

with the help of the Saaty Fundamental Scale [1]. 

The scale denotes a 1 to 9-point judgment where 1 

indicates indifference on a pair of elements with 

respect to a parent element and 2 up to 9 values 

represent the intensity of influence of the row 

element over the column element. One can think of 

these points as influence multipliers of row over 

column element. Saaty [13] posited that the 

pairwise comparisons matrix is a positive reciprocal 

matrix such that the 1-9 point scale assumes 

corresponding reciprocal values. The use of this 

scale forces a decision-maker to represent judgment 

in a single point estimate. When the scale is used, 

the presumption of preciseness and certainty of 

judgment is considered as the main drawback [14-

15]. Saaty [16] noted this idea of uncertainty in the 

context of AHP/ANP. Zahedi [17] identified two 

possible sources of uncertainty in judgment. 

External sources concern the method or the 

environment in collecting preference data while 

internal sources refer to the “ambiguity and 

uncertainty which result from the limited amount of 

information available to the decision-maker and the 

level of his or her understanding of the problem” 

[14]. Paulson and Zahir [14] pointed out that these 

sources of uncertainty could possibly lead to rank 

reversals in the final ranking. This definitely affects 

the confidence of the decision makers with the 

results of the AHP/ANP. Saaty [16] and Vargas [18] 

made an attempt to resolve this issue by eliciting 

judgment in pairwise comparisons with random 

variables. Furthermore, Saaty and Vargas [19] 

analyzed the impact of uncertainty in the AHP using 

an interval approach of 100 simulated matrices. 

Later, this interval approach was utilized by 

Moreno-Jimenez and Vargas [20] in determining 

ranking of alternatives in the AHP. Zahir [21] 

developed an algorithm that solves a combinatorial 

problem by enumerating all possible combinations 

of uncertainties of the elements. This process 

requires significant amount of time in analyzing all 

possible combinations. Arbel and Vargas [22] 

introduced preference simulation and programming 

in obtaining priorities of a pairwise comparisons 

matrix. Paulson and Zahir [14] who are inspired 

with the approach of Saaty and Vargas [19] on 

interval simulation, studied how global priorities of 

AHP are affected by different decision levels and 

matrix sizes. Hauser and Tadikamalla [15] on the 

other hand introduced simulation of the AHP by 

introducing uniform and triangular probability 

distribution of judgment instead of a single point 

estimate traditionally practiced in AHP. Ahn [23] 

who took a different view of the work of Hauser 

and Tadikamalla [15] discussed that their method of 

simulation is highly effective in group decision-

making context where group members could not 

come up with a single point estimate. 

Efforts on uncertainty propagation in the context of 

AHP/ANP for the last two decades have been 

inspired with the application of fuzzy set theory 

(FST). Various approaches have been introduced in 

integrating FST in AHP/ANP framework. These 

approaches include fuzzy logarithmic least squares 

method [24], a modified fuzzy logarithmic least 

squares method [25], geometric mean method [26], 

an extent analysis method [27], fuzzy least squares 

priority method [28], fuzzy preference 

programming method [29] and Lambda-Max 

method [30]. 

Uncertainty considerations using simulation and 

probabilistic approach could not handle individual 

impreciseness of decision-makers especially when 

judgments are elicited in a linguistic scale which is 

portrayed as the major advantage of FST. Although 

it was mentioned by Ahn’s [23] short note that the 

work of Hauser and Tadikamalla [15] is suitable for 

group decision-making, there is no actual work that 

discusses this approach. On the other hand, FST 

approaches especially in group decision-making 

reduces the group judgments into a single judgment 

that assumes to describe the group decision. This 

approach falls short out of the context of uncertainty 

because the resulting group decision is assumed to 

be fully precise and certain. This paper attempts to 

establish a hybrid method that integrates simulation 

and FST approaches in the context of group 

decision-making in AHP/ANP. In this work, FST is 

used to handle judgmental uncertainty of individual 

decision-maker while simulation is intended to 

address the uncertainty of aggregated judgment of 

decision-makers. FST, as a way of handling 

uncertainty of decision-making in practical 

problems, has long been demonstrated in current 

literature [31-34]. On the other hand, probabilistic 

approaches were rarely used in solving real-life 

problems especially in group decision-making. 

Aside from the recommendation of Ahn [23] to use 

the simulation approach of Hauser and Tadikamalla 

[15] in group decision-making, Arunraj et al. [35] 

attempt to integrate FST and simulation in risk 

assessment but not in the context of ANP. The 

proposed hybrid approach eliminates the 

assumption of certainty in group decision and 

subscribes to a simulation framework where a single 

run describes a probable group decision. The 

contribution of this work lies in proposing a novel 

methodology that captures uncertainty and 
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randomness in group decision-making in the 

framework of the AHP/ANP. 

2 ANALYTIC NETWORK PROCESS 
(ANP) 

ANP is the general theory of relative measurement 

[36]. ANP decomposes a decision problem into a 

number of relevant components with their 

underlying interrelationships, thus forming a 

decision network. This flexibility of the ANP is one 

of the various reasons why the method encompasses 

other methods in the area of multi-attribute 

decision-making. The mainstream process of the 

ANP starts by carefully introducing dependence 

relations among decision components that show 

dominance of the elements of one component to the 

elements of another component. When the 

relationships agree with reality and observation, the 

process of pairwise comparisons becomes central to 

the process. Elements from the same component are 

compared pairwise with respect to the elements 

from another or the same component which those 

elements are being dominated. Local priorities of 

this pairwise comparisons matrix are accurately 

computed using the eigenvector method [1]. The 

eigenvalue problem to obtain the desired ratio-scale 

priority vector w of n elements is 

                     (1) 

where A is the positive reciprocal pairwise 

comparisons matrix,      is the maximum or 

principal eigenvalue of the matrix A.      can be 

solved by rearranging equation (1) to form 

                   (2) 

This eventually results to a polynomial of λ to the 

degree    and the largest root is the      . For 

consistent judgment,        , otherwise       . 

The measure of consistency of judgment is 

measured using the Consistency Index (CI) and 

Consistency Ratio (CR). The Consistency Index (CI) 

is a measure of the degree of consistency and is 

represented by 

   
      

   
           (3) 

The consistency ratio (CR) is computed as 

   
  

  
           (4) 

where RI is the mean random consistency index 

obtained from large number of simulated matrices. 

CR ≤ 0.10 is an acceptable degree of inconsistency. 

After all local priority vectors are obtained from 

each pairwise comparisons matrix, the values are 

placed into the corresponding location of the 

supermatrix. Global priority ratio scales or priorities 

can be computed based on the synthesizing 

principle of the supermatrix. The mathematical 

approach is by solving again a similar eigenvalue 

problem of equation (1). However, the numerical 

approach is done by raising the matrix to large 

powers where the transmission of influence along 

all possible paths defined in the decision structure is 

captured in the process [13]. The convergence of 

initial priorities (stochastic matrix) to an 

equilibrium value in the limit supermatrix provides 

a set of meaningful synthesized priorities from the 

underlying decision structure [37]. Saaty [13] 

guaranteed that as long as the decision network 

resembles a primitive irreducible supermatrix, the 

initial supermatrix will eventually converge to a 

limit supermatrix where each column is the global 

priority vector of all elements. The numerical 

approach of solving the limit supermatrix denoted 

by L is by normalizing columns and then raising the 

supermatrix to sufficiently large power [38] denoted 

by 

      (
 

    
)
 

       ( ̅)
           (5) 

3 FUZZY SET THEORY (FST) 
Fuzzy set theory was introduced by Zadeh [39] as a 

mathematical way of handling imprecision and 

vagueness. Unlike traditional crisp set, FST takes on 

a membership function over a range of values. A 

fuzzy number can be represented by a fuzzy set 

  {(    ( ))    } where x takes on any value 

on the real number line           and 

  ( )  is a continuous mapping on the closed 

interval [0, 1]. There are several types of fuzzy 

numbers but the widely used one is the triangular 

fuzzy number (TFN). A TFN can be defined as a 

triple A = (l,m,u) and the membership function 

  ̃( ) can be defined as 

  ( )  {

 
(   ) (   )

(   ) (   )
 

   
     
     
   

}       (6) 

 

and the representation of a TFN is 

 

 

 

 

 

 

 

 

Fig. 1.  A TFN A = (l,m,u) 
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Suppose two TFNs  ̃  and  ̃  are defined by  

(        )  and (        ) , respectively. The 

elementary operations of these two TFNs are as 

follows: 

 ̃   ̃  (        )  (        )  (   
              )        (7) 

 ̃   ̃  (        )  (        )  (   
              )        (8) 

 ̃   ̃  (        )  (        )  
(              )        (9) 

 ̃   ̃  (        ) (        )  (         
        )       (10) 

 

FST improves the capability of MCDM methods in 

handling complex and imprecise judgments. Most 

decision-makers can hardly elicit exact numerical 

values to represent opinions based on human 

judgment [40] because of various factors such as 

incomplete information to name one. More accurate 

judgment elicitations use linguistic variables to 

represent judgment rather than numerical values 

[41]. Linguistic variables have values in the form of 

phrases or sentences in a natural language [42]. 

Expressing judgment in linguistic variable is a 

useful method in dealing with situations that are 

described in quantitative expressions [41][43]. 

Linguistic values can be represented by fuzzy 

numbers, and the TFN is commonly used [40]. 

4 PROPOSED METHODOLOGICAL 
FRAMEWORK 

As discussed, several approaches have emerged on 

the integration of FST to the framework of 

AHP/ANP. The proposed procedure of integrating 

FST and simulation in the context of AHP/ANP 

that handles uncertainty in group decision-making 

is as follows: 

1. Establish a decision model that appropriately 

describes the decision problem. The model 

could be a hierarchy or a network of decision 

components. The dependence relationships 

could be derived from a literature review of the 

subject, expert opinion or field surveys. 

2. Prepare the set of pairwise comparisons 

matrices which correspond to the hierarchy or 

network in step 1. Note that the process is 

coherent with the framework of the AHP/ANP 

as proposed by Saaty [13]. 

3. Form a group of decision-makers who are 

experts in the decision problem. Provide the 

set of pairwise comparisons matrices to each 

expert. Experts elicit judgment in paired 

comparisons using the pre-defined linguistic 

variables with corresponding TFNs. The result 

of this step is a set of pairwise comparisons 

matrices in linguistic variables or TFNs. 

4. As discussed, there are various approaches in 

fuzzifying AHP/ANP. In this proposed method, 

the general framework of AHP/ANP is 

preserved. The idea is to defuzzify TFNs at the 

pairwise comparisons matrix level and then to 

proceed with the methodology of the ANP. 

Defuzzification is the process of appropriate 

selection of crisp element based on the output 

fuzzy set, which converts TFNs into crisp 

values [44]. In this study, the algorithm 

proposed by Opricovic and Tzeng [44] which 

is termed as the Converting the Fuzzy data into 

Crisp Scores (CFCS) method is used as it 

preserves the traditional approach of the 

AHP/ANP, unlike other popular methods such 

as in Mikhailov [29] which uses an 

optimization problem that maximizes the 

consistency index. This approach is highly 

regarded by Tseng in his works [45-46]. The 

results of CFCS are the crisp values of 

corresponding TFNs. The CFCS method is as 

follows: 

Suppose a set of k decision-makers with 

 ̃  
  (    

      
      

 )  as the influence of ith 

element on jth element assessed by the kth 

evaluators.  

 

Normalization: 

 

     
  

    
         

 

    
          (11)  

     
  

    
         

 

    
          (12)  

     
  

    
         

 

    
          (13)  

 

where 

 

    
           

         
 . 

 

Compute left ls and right rs normalized values 

 

     
  

     
 

       
       

        (14)  

     
  

     
 

       
       

        (15)  

 

Compute total normalized crisp value 

   
  

     
 (       

 )      
      

 

       
       

       (16)  
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Compute crisp values 

   
         

     
     

          (17) 

 

where    
  is the crisp value that represents the 

influence of element i on element j as 

described by the decision-maker k. 

 

5. Compute the local eigenvector,      and C.R. 

values of the pairwise comparisons matrix 

using equations (5), (1) and (4), respectively. If 

C.R. < 0.10, the decision-maker must 

reconsider his/her judgment. 

6. If C.R. < 0.10 in step 5 is satisfied, aggregating 

judgments of k number of decision-makers 

must be done. In this process, uncertainty 

arises due to the variability and randomness of 

crisp values eventually elicited by all decision-

makers. Several works of Tseng [45-46] in this 

process recommended the simple averaging 

approach of aggregating judgment. This 

approach, however, does not guarantee that the 

variability of judgment is taken into 

consideration. With such gap, this work 

proposes a probabilistic approach in 

aggregating decision-makers’ judgment. The 

probabilistic aggregated value    
 can be 

computed using 

 ̃    ̅   (   )        (18) 

 

where  ̃   is an aggregated judgment of 

decision-makers from a normal distribution 

that represents the influence of row element on 

column element and  ̅   is the geometric mean 

of all judgment of decision-makers on the 

influence of element i on element j and is 

defined as 

 

 ̅   √   
    

    
     

  
      (19) 

 
(1-α) is the confidence level of the normal 

probability distribution and   [   ]  is 

proportion of perturbation about the geometric 

mean. Paulson & Zahir [14] claimed that the 

value of p ranges from 2% to 20%. When α 

and p take on random values, a simulation 

process is described. Each simulation run 

describes a random chance of the aggregation 

uncertainty. When p = 0, then  ̃      . When p 

increases, the number of inconsistent judgment 

also increases and the more likely the rankings 

of text entry methods is changed compared to 

small values of p [15]. 

7. Using equations (5), (4) and (1), local 

eigenvectors are computed. These eigenvectors 

are placed in their appropriate locations in the 

supermatrix. Using equation (5), global 

priority vector can be computed. This vector is 

used to rank the elements on any given 

decision component. In each simulation run, 

corresponding global priority vector is 

computed. Thus, each run creates a distinct 

ranking of elements in a component. By 

conducting sufficiently large number of 

simulation runs (>100 runs), a matrix that 

describes the number of times an element is 

placed on any particular rank can be 

constructed. Normalizing columns provide the 

percentage of time that an element is placed on 

a given rank. These percentages can be 

considered as weights of the ordinal ranking 

positions. Hauser and Tadikamalla [15] 

defined the expected score of the ith element 

as follows 

    ∑     (     )
 
       [   ]     (20) 

 

Where ESi is the expected score of the  th 

element, and pi,k  is the percentage of the trials 

that the ith element has a rank k. After 

obtaining the expected scores, the expected 

weighted EWi is defined as the normalized 

expected scores given in the following 

equation 

 

    
   

∑    
 
   

    [   ]     (21) 

 

where EWi is considered a statistical weight 

from a scattered distribution of ranks to each 

element [15]. 

 

A sample illustrative computation is shown. 

Suppose a sample pairwise comparison matrix is 

shown in Table 1 and its corresponding matrix in 

TFNs is shown in Table 2. The equivalent TFNs 

were adopted from Tseng et al. [47] as shown in 

Table 3. 

Table 1. Sample pairwise comparisons in linguistic scale 
 

 
Increased 

taxes 

Environmenta

l protection 

Health and 

safety 

Increased taxes  MO MO 

Environmental 

protection 
  EQ 

Health and 

safety 
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Table 2 Sample pairwise comparisons in TFNs 
 

 
Increased 

taxes 

Environmental 

protection 

Health and 

safety 

Increased taxes  (1,1,1) (5/2,3,7/2) (5/2,3,7/2) 

Environmental 

protection 
 (1,1,1) 1/2,1,3/2) 

Health and 

safety 
  (1,1,1) 

 
Table 3. Linguistic variables used in ANP (adopted from Tseng 

et al. [48]) 
 

 
Suppose that i = 1, j = 2 and k = 1, then 

 

 ̃  
  (

 

 
   
 

 
)  (                 ) 

 

where 

     
           

         
  (

 

 
)  (

 

 
)        

 

The normalized scores are 

     
  

    
         

 

    
    

           

     
       

     
  

    
         

 

    
    

           

     
       

     
  

    
         

 

    
    

           

     
       

 

Computing for the left and right normalized scores 

yields 

     
  

     
 

       
       

  
     

             
       

     
  

     
 

       
       

  
 

         
       

Computing for the total normalized crisp value 

yields 

   
  

     
 (       

 )       
      

 

       
       

  

 
     (       )             

             
       

 

Computing for the crisp value shows 

   
         

     
     

               (     )        

The corresponding pairwise comparisons matrix in 

crisp values is shown Table 4. 

Table 4. Sample pairwise comparisons in crisp values 
 

 
Increased 

taxes 

Environmental 

protection 

Health 

and safety 

Increased taxes 1.0000 2.9863 2.9863 

Environmental 

protection 
0.3349 1.0000 0.9723 

Health and 

safety 
0.3349 1.0285 1.0000 

 

Following the aggregation process described in 

step 6, the aggregated pairwise comparisons matrix 

is presented in Table 5. 

Table 5. Sample aggregated pairwise comparisons in crisp 

values 
 

 
Increased 

taxes 

Environmental 

protection 

Health 

and 

safety 

Increased taxes 1.0000 3.3244 1.7114 

Environmental 

protection 
0.3008 1.0000 0.9873 

Health and 

safety 
0.5843 1.0128 1.0000 

 

To summarize, the framework proposed in this 

study is shown in Fig. 2. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2. Proposed methodological framework. 

5 CONCLUSION 
This work attempts to provide a methodological 

approach that holistically captures uncertainty in 

group decision-making. In this study, both 

judgmental uncertainty of individual decision-

maker and the variability of judgment across 

decision-makers are fairly captured into a 

methodological structure which is described in this 

Linguistic scale Code 
Triangular 

fuzzy scale 

Triangular 

fuzzy reciprocal 

scale 

Just equal  (1,1,1) (1,1,1) 

Equal importance EQ (1/2,1,3/2) (2/3,1,2) 

Moderate importance MO (5/2,3,7/2) (2/7,1/3,2/5) 

Strong importance ST (9/2,5,11/2) (2/11,1/5,2/9) 

Demonstrated 

importance 
DE (13/2,7,15/2) (2/15,1/7,2/13) 

Extreme importance EX (17/2,9,9) (1/9,1/9,2/17) 

Simulation approach in AHP/ANP 

group decision-making 

[15][23] 

Fuzzy Set Theory 

[39] 

Analytic 
Hierarchy/Network 

Process [13] 

CFCS method 

[44] 

Proposed probabilistic 

fuzzy ANP approach 
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paper. Unlike other approaches that largely deviate 

from the framework of the AHP/ANP, the 

proposed method preserved the general approach of 

the AHP/ANP. Fuzzy set theory is utilized to 

handle ambiguity of judgment of individual 

decision-maker while simulation in the context of 

normal probability distribution is used to address 

the variability and randomness of judgment of 

decision-makers. The contribution of this work is 

on developing a hybrid methodology that handles 

uncertainty effectively in the context of the 

AHP/ANP. Aside from the computational 

simplicity of the method, the proposed approach 

will also be helpful in handling group decision 

problems where uncertainty is extensive and where 

group members could hardly arrive at a consensus. 

Further work is required to empirically compare 

and examine the proposed method with previous 

methodologies in AHP/ANP group decision-

making problems. 
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